A broad class of holographic duals for 4d N = 2 SCFTs is based on the general half-BPS AdS 5 solutions to M-theory constructed by Lin, Lunin and Maldacena, and their Kaluza-Klein reductions to Type IIA. We derive the equations governing spin 2 fluctuations around these solutions. The resulting partial differential equations admit families of universal solutions which are constructed entirely out of the generic data characterizing the background. This implies the existence of families of spin 2 operators in the dual SCFTs, in short superconformal multiplets which we identify.
Introduction and summary
Four-dimensional N = 2 superconformal field theories (SCFTs) have been studied extensively. They are less constrained than N = 4 theories while retaining sufficient structure for powerful field theory methods to be applicable. Their holographic description is based on AdS 5 solutions preserving sixteen supersymmetries. The general form of such solutions in M-theory has been constructed in [1] , and contains S 2 and S 1 spaces in addition to AdS 5 to realize the bosonic part of the field theory supersymmetry. Holographic duals for the celebrated 4d class S theories [2] have been identified within this class of solutions in [3] . Further aspects have been studied in [4, 5, 6] . A generic solution is specified entirely by a solution D to a 3d Toda equation in the remaining coordinates x 1 , x 2 , y,
The data specifying the field theory is encoded in the boundary conditions imposed on D and the equation may be supplemented by source terms encoding additional data, which will be discussed in more detail below. Upon assuming a U (1) isometry in the x 1 , x 2 plane, the solutions may be reduced to Type IIA. After a change of variables the Type IIA solutions are then characterized by a solution V to the three-dimensional cylindrical Laplace equation in σ, η,
Field theories with holographic duals within this class include many 4d quiver SCFTs engineered by brane constructions involving D4, NS5 and D6 branes, and have been studied e.g. in [7, 8, 9, 10] . In this note we identify a universal feature of the 4d N = 2 SCFTs with holographic duals of the aforementioned types. Namely, the spectrum of gauge-invariant operators includes, in addition to the conserved energy-momentum tensor, families of spin 2 operators with scaling dimensions ∆ = 4 + 2 + n , , n ∈ Z , , n ≥ 0 , (
with and n specifying the SU (2) and U (1) R-charges, respectively. These operators are Q 2Q2 descendants in short N = 2 superconformal multiplets which we identify explicitly in sec. 4 . In the gravitational description they correspond to universal spin 2 fluctuations that are constructed entirely out of the background data (the function D in M-theory and V in Type IIA), and therefore exist in generic background solutions of the form constructed in [1] .
Constructing linearized fluctuations around the supergravity backgrounds of [1] in general is a non-trivial problem. The linearized supergravity field equations reduce to coupled second-order partial differential equations in (x 1 , x 2 , y) in M-theory and in (σ, η) in Type IIA. For spin 2 fluctuations the problem simplifies, as they arise solely from metric perturbations and are determined by a decoupled equation depending only on the geometry of the background solution [11] . This has been exploited in other contexts e.g. in [12, 13, 14, 15, 16] . For the solutions of [1] , this still leaves a non-trivial second-order PDE to be solved. A massless spin 2 fluctuation is expected for all solutions, as holographic dual to the SCFT energy-momentum tensor. But beyond that the spectrum may depend on the specific solution at hand, reflecting more detailed features of the dual SCFT. Given the large class of field theories that are expected to be described by the solutions of [1] , the existence of further universal fluctuations therefore is an interesting result. We note that the operators (1.3) are reminiscent of universal spin 2 operators in 5d SCFTs [17, 18] , corresponding to universal fluctuations around the solutions of [19, 20, 21, 22] . It would be interesting to better understand this relation, e.g. through circle compactification of the 5d SCFTs. More generally, one may wonder whether similar universal fluctuations can be identified e.g. for the more general M-theory solutions of [23] , the M-theory holographic duals for 4d N = 1 SCFTs of [24] , or the massive Type IIA solutions of [25] .
The paper is organized as follows. In sec. 2 we review the M-theory solutions of [1] and construct the spin 2 fluctuations. In sec. 3 the analogous construction is presented in Type IIA. In sec. 4 we identify the superconformal multiplets containing the spin 2 fluctuations and comment briefly on the field theory realization of the dual operators.
Spin fluctuations on AdS 5 in M-theory
In section 2.1 we review the M-theory solutions dual to 4d N = 2 SCFTs constructed in [1, 3] . The transverse traceless spin 2 fluctuations in the AdS 5 space are constructed in sec. 2.2. Regularity of the fluctuations is discussed in sec. 2.3 and 2.4.
LLM solutions in M-theory
The geometry in the M-theory solutions of [1] contains AdS 5 , an S 2 and an S 1 which is parametrized by β. In a form which will be convenient later, the metric reads
where i = 1, 2 and the coordinates on the internal space, namely those comprising S 2 , y and (x 1 , x 2 , β), are collectively denoted by z a . The metric functions are
The functionλ is defined in terms of a function D(x 1 , x 2 , y) by
The expression for the four-form F 4 will not be needed here and can be found in [1] . It was shown in [1] that this supergravity background satisfies the equation of motion of eleven dimensional supergravity and preserves sixteen real supersymmetries if the function D satisfies the 3d Toda equation in the x 1 , x 2 and y coordinates,
Boundary conditions
Holographic duals for large classes of 4d N = 2 SCFT based on the solutions of [1] were constructed in [3] . Boundary conditions are imposed at y = 0 such that the S 2 collapses, which is realized by
In addition, the S 1 collapses at a location y = y c . This produces a 4-cycle from S 2 × S 1 warped over the interval I y = {y|0 ≤ y ≤ y c }. The required behavior for D at y = y c is
Explicit M5-brane sources may be added as line sources localized at x = x (i) in the (x 1 , x 2 ) plane in the Toda equation (2.4), such that it becomes
If explicit sources are added the solution to the Toda equation is singular, but the full metric remains regular [3] . The behavior of D near the line charges is
Spin 2 fluctuations
Consider a transverse traceless symmetric fluctuation h along the AdS 5 part of the eleven dimensional metric
where h decomposes into a transverse traceless fluctuation on unit radius AdS 5 , h
µν , which satisfies the equation of motion for a (massive) spin 2 field, and a mode on the internal space,
For the background metric (2.1), with h as in (2.10), this equation reduces to
The inverse metric on the internal part of the geometry is given bŷ
The determinant is
(2.14)
Separating the individual parts of the internal space in (2.12) yields
where ∇ 2 S 2 denotes the Laplacian on a sphere of unit radius. The relevant combinations of metric factors are
The function ψ is now expanded in harmonics on S 2 and on the S 1 parametrized by β,
where , m, n ∈ Z with ≥ 0. ψ has been complexified, with the understanding that the real and imaginary parts provide separate solutions. With the metric factors (2.2) and the expression forλ given in (2.3), equation (2.17) becomes
To further simplify this equation we use the following ansatz 
This is the general form of the equation satisfied by spin 2 fluctuations. We now present solutions which are constructed entirely out of the generic background data, i.e. the function D. Their regularity will be discussed in the next section. Eq. (2.22) is solved by
where ϕ satisfies
This equation is solved when ϕ is holomorphic in x 1 + ix 2 . For n = 0 the complete solution is given by harmonic functions in x 1 , x 2 . In terms of φ mn and M 2 , these solutions become
The range of n was not constrained in (2.19) ; the equation of motion is solved for arbitrary n ∈ Z. The complex conjugate ψ * = Y m e −inβ (φ a mn ) * solves (2.12) with the same M 2 . In addition, eq. (2.20) is invariant under → − − 1, such that there is a second set of solutions
Finally, there is a solution
The scaling dimension of the dual operator and the corresponding source for these fluctuations are extracted from M 2 = ∆(∆ − 4), which yields
These scaling dimensions are not all compatible with the unitarity bound for spin 2 operators in four dimensions. However, the regularity analysis in the next section will show that those fluctuations which are regular do correspond to operators in unitary representations.
Regularity conditions
One can ask whether the metric fluctuations identified in the previous section are finite at generic points of the geometry, including at the boundary y = 0, where the S 2 shrinks and D behaves as in (2.5). The solutions φ a in (2.25) are finite at y = 0 for all and n. The solutions φ b of (2.26) and φ c of (2.27) are not. 1 The solutions which are finite are thus φ a . Finiteness as y → y c , with (2.6), restricts the range of n to n ≥ 0. To summarize, the potentially suitable solutions are φ a mn with , n ≥ 0, leading to 29) and the complex conjugate solutions. Reality of the metric requires real ψ, such that the actual solutions for the metric perturbation are given by the real/imaginary parts of ψ. The constraints from the equation of motion on ϕ are different for n = 0 and n = 0. However, the only holomorphic or harmonic functions which are bounded in the (x 1 , x 2 ) plane are constant. Likewise, if (x 1 , x 2 ) parametrize a compact Riemann surface ϕ is expected to be constant for the metric fluctuation to be bounded, since holomorphic and harmonic functions defined everywhere on a compact Riemann surface are constant by the maximum principle. We now compute the norm of the solutions, starting from the 11d action
Expanding to second order in a perturbation as set up in (2.9) yields 31) where the indices are raised with the metric on unit-radius AdS 5 , andˆ is the differential operator on the left-hand side of (2.12). Using the expansion (2.19) for h µν , with the spherical harmonics normalized as S 2 Y m Y m = 4πδ δ mm and β ∈ (0, 2π) yields
Explicit evaluation shows
The measure is finite at y = 0. For the a-type solutions we find
If explicit M5-brane sources are added, as in (2.7), the norm of the n > 0 solutions receives infinite contributions from the regions near the sources due to (2.8) unless ϕ vanishes at the sources. This may restrict the regular solutions to n = 0 in this case, although the supergravity approximation breaks down in the regions near the sources due to large curvatures [3] and our conclusions may be subject to corrections.
As an explicit example we discuss the solutions of [26] , describing M5-branes wrapped on a constant curvature Riemann surface of genus g > 1. These solutions correspond to [1] 
The metric on (x 1 , x 2 ) becomes that of hyperbolic space, and a suitable quotient yields a compact Riemann surface of genus g > 1. At y = 0, (2.36) satisfies the boundary condition in (2.5); at y = the function e D vanishes linearly and the S 1 shrinks smoothly, as in (2.6). The norm of the a-type solutions explicitly becomes
For n = 0 the (x 1 , x 2 ) integral becomes the volume of the Riemann surface, and can be evaluated in terms of the genus by the Gauss-Bonnet theorem. The integrand is well behaved at y = 0 for all n, but for n < 0 it is not integrable at y = 1 2 , such that only the n ≥ 0 modes are normalizable, in line with the general discussion below (2.29). Since holomorphic and harmonic functions defined everywhere on a compact Riemann surface are constant by the maximum principle, there is no degeneracy due to independent choices of ϕ.
Bound on M 2
We now derive a general bound on M 2 for regular solutions that are normalizable with respect to (2.34). To this end we start from (2.22), multiply by 1 4χ mn y 2 +1 e (n+1)D ∂ y D and integrate over (x 1 , x 2 , y), which yields
We now integrate by parts in y for the first term and in x 1 , x 2 for the second term. At y = 0, ∂ y D vanishes, and at y = y c the factors e D vanish. Consequently, if φ is finite at y = 0 and y = y c there are no boundary terms from the y integration. Likewise, if (x 1 , x 2 ) are coordinates on a closed surface, there are no boundary terms from the (x 1 , x 2 ) integration. We thus find
For regular solutions y∂ y D is negative. 2 Moreover, the last term in square brackets is proportional to the norm of φ mn (2.34), and in particular finite for normalizable solutions. Since the first two terms in the square brackets are non-negative, µ 2 is minimal in the case that they vanish, which leads to µ 2 = 0. If χ mn is not constant, at least one of the first two terms is strictly positive, requiring µ 2 > 0 for the equation to be satisfied. For regular solutions, we thus have µ 2 > 0, or equivalently
In terms of the scaling dimension of the dual operator this bound becomes ∆ ≥ 4 + 2 + n.
Spin 2 fluctuations in Type IIA
Assuming an additional isometry of the Toda equation (2.4) in the x 1 , x 2 plane, the M-theory solutions of sec. 2 can be reduced to obtain ten-dimensional Type IIA solutions. Since many explicit solutions and their field theory duals are constructed directly in Type IIA, we will discuss the solution of the PDE governing spin 2 fluctuations in Type IIA explicitly.
Type IIA supergravity solution
Taking the additional isometry in the M-theory solution to be generated by ∂ x 1 , the reduction is obtained by a change of coordinates. As in [1] the function D and the coordinates (x 2 , y) are traded for a new function V and coordinates (σ, η) as follows,
Under this change of coordinates the Toda equation (2.4) reduces to a linear PDE which is a cylindrical Laplace equation [27] for the function V ,
The string-frame metric and dilaton are given by
where
Spin 2 fluctuations
We consider a traceless symmetric spin 2 fluctuation along the AdS 5 part of the Einstein frame metric, related to the string frame metric (3.3) by a factor e −φ/2 ,
µν and the metric on the internal space iŝ
The equation of motion for this perturbation h in Einstein frame again takes the general form (2.11) [11] . With the decomposition into h
[tt]
µν and ψ as in (2.10), eq. (2.11) reduces to 4 (
Withĝ in (3.6), this equation becomes
The function ψ is now expanded in spherical harmonics on S 2 and on the S 1 parametrized by β, and we introduce µ 2 and define χ mn in analogy to the M-theory case
The real and imaginary parts again provide separate solutions. Eq. (3.8) turns into
This equation is solved by χ mn = 1 with µ = 0 and for n = 0 also by χ mn = V with µ = 0. Paralleling the discussion in sec. 2, this leads to the solutions
where ϕ is constant for n = 0 and an arbitrary linear function in V , ϕ = a + bV , for n = 0. The latter correspond to the solutions with harmonic function ϕ = a + bx 2 in M-theory. Moreover, there is a family of solutions for = 0 and non-negative n ∈ Z,
where ξ is an arbitrary function satisfyingξ + σ 2 ξ = 0. Examples for ξ are ln σ, V and ∂ 
Regularity conditions
As in [7, 8] , we take 0 < η < η c and 0 < σ < ∞. The boundary conditions for V arė 
For the φ a mn solution with = m = n = 0, C mn encodes the effective five-dimensional Newton constant and reduces to a boundary integral along η in terms of λ defined in (3.13).
Superconformal multiplets
Operators in unitary superconformal field theories are organized in unitary representations of the specific superconformal algebra. In this section we discuss how the spin 2 fluctuations found in the previous sections, and correspondingly the dual operators, fit into representations of the 4d N = 2 superconformal algebra SU (2, 2|2).
The representations of SU (2, 2|2) were worked out in [28, 29] , and we follow the conventions of [29] . The SU (2, 2|2) algebra contains an SU (2) R ×U (1) R R-symmetry and we denote the SU (2) R Dynkin label by R and the U (1) R charge by r. The Lorentz representation of the conformal algebra SO(4, 2) is labeled by two SU (2) quantum numbers j andj and the scaling dimension is denoted by ∆. A state in a superconformal multiplet is then denoted by [j,j] (4.1)
The representations of SU (2, 2|2) are combinations of two-sided chiral multiplets of four types: L, A 1 , A 2 and B 1 . The A 1 , A 2 and B 1 multiplets contain null states and obey strict bounds which fix the conformal dimension in terms of the other charges. A complete multiplet is then constructed by combining two chiral components, for example A 2Ā2 or LB 1 . Holographically, the SU (2) R and U (1) R symmetries are realized as the isometries of S 2 and S 1 β , respectively. The labels of the S 2 spherical harmonics, , m, and the KK momentum, n, are therefore related to the R-charges of the dual operator. The normalization is fixed by matching the charges of Q in (4.1) to those of the Killing spinors, which yields
With the scaling dimension identified via the standard holographic map, the complexified spin 2 fluctuations and their conjugates correspond to operators transforming as
The real metric fluctuations correspond to the real combinations. Since supergravity does not contain higher-spin fields, the fluctuations around the solutions of [1] , and correspondingly the dual operators, fall into representations of SU (2, 2|2) with spin at most 2. Using the tables in section 4.6 of [29] , we can identify unique multiplets with spin at most 2 containing the operators (4. For n = 0 the uniqueness of the multiplet (4.4) follows from the fact that any multiplet containing a B 1 (orB 1 ) factor does not have a spin two operator, as the largest value of j (orj) is 1, while the multiplets A 1Ā1 or A 1Ā2 contain higher spin states. Similar arguments single out the choice (4.5) for n > 0. Our results thus show that 4d N = 2 SCFTs with holographic duals of the LLM type universally have operators in the multiplets (4.4) and (4.5). Identifying these operators in the field theory is an interesting question and we close with some comments. Gauge theory descriptions of the field theories dual to the solutions of [1] typically involve long quivers with many SU (N ) gauge nodes [3, 8] . We will use a simpler N = 2 gauge theory with a single SU (N c ) gauge node and N F = 2N c fundamental hypermultiplets to illustrate the form of candidate scalar primary operators. This theory is not expected to have a simple holographic dual [30, 31] and we comment on the generalization to long quivers at the end.
We denote the hypermultiplet scalars by q They further decompose into an adjoint and a singlet of SU (N c ) and we use the adjoint in the following. The scalar primary in the stress tensor multiplet is given by 8) where φ is the complex scalar in the SU (N c ) vector multiplet. φ is an SU (2) R singlet, has engineering dimension ∆ = 1 and, in the conventions of [29] , U (1) R charge 2. From these fields we can construct a generalized single trace operator [30] tr T (M 3 ) φ n , (4.9)
which has engineering dimension ∆ = 2 + 2 + n and R-charge (2 , 2n). In [31] it was shown that this operator picks up a one loop anomalous dimension and is not protected. For the long quiver theories with holographic duals of LLM type there are many more options to build similar operators. In addition to a large number of vector multiplets there are bifundamental hypermultiplets connecting adjacent gauge nodes and additional fundamental hypermultiplets. Those may be combined in various ways to form operators similar to (4.9). Our supergravity analysis suggests that among these operators there are protected ones corresponding to chiral primaries in the multiplets (4.4) and (4.5) for all theories with holographic duals of LLM type. It would be interesting to find the exact form of these operators.
